We develop the Polnarev's analytic method to calculate of the polarization power spectrum of the cosmic microwave background radiation (CMB) due to relic gravitational waves. This approach complements the more precise numerical results by providing insight into the physical origins of the features in the power spectrum. We make use of the WKB approach to handle the evolution of the relic gravitational waves during the transition from the radiation-dominated to the matter-dominated Universe. To better describe the decoupling history of the Universe, we use a half-gaussian function to approximate the visibility function. At last, we give an expression of the power spectrum of CMB, which is generated by the relic gravitational waves. It illustrates the dependence of the amplitude, shape, and peak locations on the details of recombination, the gravitational-wave power spectrum, and the cosmological parameters.
the Gaussian approximation, the half-gaussian give a better fit the exact function. Using these approximations, we solve the evolution equations at Section 6, where we will use a tight coupling limit to handle the sources in the polarization equation, and give an expression of β l which exact relates with the power spectrum of the polarization. At last, we will give a conclusion and discussion at Section 7.
CMB Polarization.
Let us consider a perturbed Flat-Robertson-Walker (FRW) metric,
where the metric perturbation h ij with |h ij | ≪ 1 is , in our context, the relic gravitational waves, which appears as tensor type perturbation.
The polarized distribution function of photons is generally represented by a column vector f = (I l , I r , U, V ), and its components are related to the Stokes parameters: I = I l + I r and Q = I l − I r .
During the era prior to the decoupling the Thompson scattering of anisotropic radiation by free electrons can give rise to linear polarization only, and does not generate circular polarization V , so we only consider f = (I l , I r , U ). For the trivial case of a homogeneous and isotropic unpolarized radiation, it is f = f 0 (ν)(1, 1, 0) where f 0 (ν) = 1 e hν/kT −1 is the usual blackbody distribution function.
The combination of Thompson scattering and the metric perturbations will give rise to polarizations.
The time evolution of the photon distribution function is determined by the equation of radiative transfer, essentially the Boltzmann equation [28] ,
wheren i is the unit vector in the direction (θ, φ) of photon propagation, q = σ T n e a is the differential optical depth and has the meaning of scattering rate, σ T is the Thompson cross-section, n e the electron density, and
where µ = cos θ, P =    µ 2 µ ′2 cos 2(φ ′ − φ) −µ 2 cos 2(φ ′ − φ) µ 2 µ ′ sin 2(φ ′ − φ) −µ 2 cos 2(φ ′ − φ) cos 2(φ ′ − φ) −µ sin 2(φ ′ − φ) −2µµ ′2 sin 2(φ ′ − φ) 2µ sin 2(φ ′ − φ) 2µµ ′ cos 2(φ ′ − φ)    (4) is the scattering matrix described by Chandrasekhar. On the right hand side of the Boltzmann equation, the scattering term q(f −J) describes the effect of the Thompson scattering by free electrons, and the term − ∂f ∂ν ∂ν ∂η reflects the effect of variation of frequency due to the metric perturbation through the Sachs-Wolf formula [29] 1 ν
In the presence of perturbations, either the scalar density perturbation or the tensorial relic gravitational wave, the distribution function will be perturbed and can be generally written as
where f 1 represents the perturbed portion. In the following we consider only the perturbation due to the relic gravitational wave h ij , which contains two independent polarizations
where ǫ 
In cosmological context, it is usually assumed that the two components h + and h × have the same magnitude and are of he same statistical properties.
For the h ij = h + ǫ + ij of the + type of polarization, f 1 can be taken of the form
and for the h ij = h × ǫ × ij of the × type of polarization f 1 can be taken of the form [12] 
where α and β are functions to be determined, and their physical meaning can be seen from the above expressions of f 1 : α represents the anisotropy of photon distribution since α ∝ I l + I r = I, and β represents the polarization since β ∝ I l − I r = Q. For the + polarization of gravitational waves, we substitute f into the Eq.(2). Upon taking Fourier transformation, retaining only the terms linear in the metric perturbation h ij , and performing the integration over dµ, we arrive at [12, 27] ,
where k is the wave number and ξ = α + β for notational simplicity. h If we consider the simple case of k = 0 of long-wavelength limit, the set of equations will reduce to (in below, we will omit the footnote k of ξ k , β k and h k ):
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here we have ignored the cap "+" of h. Its solutions β and ξ will be independent of µ. In general case of k = 0, the function β and ξ as the solutions of Eq.(8) will depend on µ. We can expand them in terms of Legendre functions
The partial differential equations for ξ(η, µ) and β(η, µ) then become an infinite set of coupled differential equations for ξ l (η) and β l (η) which are propagated numerically from some very early time (where the solutions are analytically determined in the so-called tight-coupling approximation) to the present time.
Decomposition of Polarization into Electric and Magnetic Types
Then the angular polarization pattern induced by this gravitational waves can now be written [27] ,
In this spherical polar coordinates θ,φ, the sphere has a metric,
The polarization tensor P ab must be symmetric P ab = P ba and trace-free g ab P ab = 0, from which it follows that,
The factors of sin θ also follow from the fact that the coordinate basis (θ, φ) is orthogonal but not orthonormal, which can be expanded in terms of basis functions that are gradients (electric type) and curls (magnetic type) of spherical harmonics,
The expansion coefficients are given by
and
constitute a complete orthonormal set of basis functions for the G and C components of the polarization, where ′ : ′ denotes covariant derivative in the FRW metric. The quantity,
is a normalization factor chosen so that
From the Q(θ, φ) and U (θ, φ),We get the polarization tensor as,
Then can get the coefficients [25, 27] :
1 There is a small mistake in the formulae (4.39),(4.40),(4.41) and (4.42) in Ref [25] and formulae (111), (114) and (115) in Ref [27] , the coefficient of
(2l+3)(2l−1) should be replaced by
We have thus shown explicitly that both the G and C components are nonzero for a gravitational wave.
We get the contributions to the power spectra C GG l and C CC l from this particular gravitational wave (in theẑ direction with '+' polarization) from 2
and similarly for C CC l . Summing over all Fourier modes, and over both polarization states, the final
and similarly for C CC
where
the primordial power spectrum of gravitational waves, and A T is an amplitude fixed by the energy density during inflation. The form of this power spectrum is motivated by inflationary theories which generically predict the tensor spectrum index n T ≈ 0, a nearly scale-invariant spectrum. If the process generating the perturbations is Gaussian, then this power spectrum encodes all information about the distribution. In this paper, we put the integral of primordial power spectrum of gravitational waves in the formula of C GG l and C CC l , which make the below discussion about β and evolution of gravitational waves being easily. Where we can only discuss the effect of gravitational waves with an absolute scale-invariant power spectrum and its amplitude is 1. This is a difference of our formula of
and C CC l with the Ref. [25, 27] , where the effect of primordial power spectrum should be in the expression of β l .
Note, finally, that the cross-correlation power spectrum vanishes
as it should. This is because a
Evolution of Gravitational Waves
Expansion of the Universe leads to damping of the tensor modes. This is the usual redshifting of radiation. For the matter is nearly transparent for gravitational waves, so its evolution can been described as:ḧ
which depends on the evolution of the cosmic scale factor a. If we assume the Universe of radiation dominant changed instantaneous to matter dominant at time η e , which will be a good approximation for waves with wavelength much longer than the time taken for the transition to take place, one can get the exact expression of gravitational waves as [30, 31, 20] :
with
Alternative, we consider the situation where the wavelength of the gravitational waves is much shorter than the transition time. In this case, the WKB techniques become a sensible method of approximation [32, 20] . First we define the dimensionless variables τ = ( √ 2 − 1)η/η e and r = kη e /( √ 2 − 1), we have
where the prime denote d/dτ . The behavior of the scale factor in a Universe containing only matter and radiation is given by
Its analytic solution has been get in Ref. [20] . But it is too complex, and its coefficients are also dependant on the complex numerical calculation. In this paper, we directly use the numerical method to calculate Eq.(37).
In figure 1, we give three methods results of h and dh/dη at decoupling time of the Universe: the exact method, the WKB approximation and the instantaneous-changing method, where we have set the conformal time of now η 0 = 1. From where, one can find, the WKB approximation is very good, but the instantaneous change method is only good at the very low frequent when comparing with the exact results.
A Model of Decoupling History.
Before the decoupling, baryons are ionized and tightly coupled to photons via Thompson scattering. Once the temperature falls below a few eV, it becomes favorable for electrons and ions to recombine to form neutral atoms. As the number of charged particles falls, the mean free path of any given photon increases. Eventually, the mean free path becomes comparable to the horizon size and the photon and baryon fluids are essentially decoupled. It is at this point in the Universe's evolution that the CMB photons last scatter.
The visibility function describes the probability that a given CMB photon last scattered from a particular time. In terms of the optical depth κ, this visibility function is given by
dη ′′ is the optical depth and the differential optical depth is given by q(η) = ∂κ(η, η ′ )/∂η, which depends on the details of recombination process. The analytic formula had been discussed by someone [33, 17, 34] , but it is too complex to be used to go on the analytic method in this paper. For V (η) and is sharply peaked around the last scattering, in practical calculation it is usually approximated by some fitting formula. For instance, one can fit it by a narrow Gaussian for analytic simplicity [18, 20] 
where V (η d ) is the amplitude at the the conformal time η d of decoupling, and ∆η d is the width of decoupling. Fig.(2) shows that this formula is not a good enough, especially for η < η d . We can improve the fitting by use the function made up of two half-gaussian function, (we call it half-gaussian fit method in this paper).
where ∆η 2 = ∆η d and ∆η 1 < ∆η d . For the Universe with Ω b = 0.044, Ω m = 0.27, Ω Λ = 0.73, one can find ∆η 2 = ∆η d = 0.00135 and ∆η 1 = 0.00095, if we fix η 0 = 1, which can find in Fig.(2) . This half-gaussian approximation will mainly alter the height of the power spectrum peaks comparing with the Gaussian approximation, which can be found in Fig.[3] . But also of these methods show a much more damping than the numerical visibility function at time a little away from decoupling time, this may show an obvious effect at the large scale polarization spectrum.
Analytic Solution.
In this part, we will mainly solve the Eqs. (8) in an analytic approach method. Since
in the Rayleigh-Jeans zone of blackbody spectrum, so we can rewrite the equations aṡ
In Eq.(44) the term qξ causes the anisotropies ξ to damp and the gravitational wavesḣ play the role of source for the anisotropies ξ. The formal solution to the equation for ξ is
where κ(η, η ′ ) = η η ′ q(η ′′ )dη ′′ is the optical depth and the differential optical depth is given by q(η) = ∂κ(η, η ′ )/∂η. Note that in the equation for β the integration over µ contains the functions β and ξ.
By the relations
and the expansion of β = l (2l + 1)β l P l and ξ = l (2l + 1)ξ l P l in terms of the Legendre polynomials, and carrying out the µ-integration, we end up with 
The formal integration of this equation is
Setting the the time η in the above to be the present η 0 , we have
is the visibility function.
The integrand function G contains the coefficients of β and ξ up to the fourth order, making the integration difficult to carry out. Using the Legendre expansion, the equations of β and ξ are written as the following set of equations:ξ
In the first order of the tight coupling limit with q → ∞, the equations reduce tȯ ξ 0 + qξ 0 =ḣ; (54)
In this approximation the source function G(η) reduces to G = (7β 0 − ξ 0 )/10 and its equation is:
and the formal solution is the integration
where we have used the fact that
. Substitute this expression of G into Eq.(49), yields the formal solution for polarization:
where κ(η) ≡ κ(η 0 , η).
Note that this result of the first order approximation of tight coupling can only apply on scales much larger than the mean free path of photons. On smaller scales the effects of photon diffusion has to be taken into account, which will cause some damping in the anisotropy and polarization. To take care of this problem, we now expand Eq. (50)- (53) to the second order of the small 1/q ≡ τ << 1 to arrive at,
Substituting the tentative solution of the form ξ 0 ∝ e i ωdη and ξ 1 ∝ e i ωdη into the equations and ignoring variations of ω on the expansion scaleȧ/a, neglectingḣ which is nearly zero at low frequency, shown Fig.(2) , one gets
Thus ξ 0 will acquire an extra damping factor e − qdη .
This feature is different from what happens in the scalar perturbation. For the polarization, we also keep the tight coupling limit, so if we consider the ′ silk damping ′ , we only need replace G with
In the integration dη ′′ the integrand function exp (− 
Expanding both sides of the equation in terms of the Legendre polynomials and using the expansion formula
one can get
κ(η) .
Now we first take care of the integration involving the visibility function V (η) which has a factor of the form e −aη 2 . The time-derivative of the gravitational wavesḣ(η) is statistical quantities and contains generally the positive and negative frequency oscillating modes e ikη and e −ikη . On the other hand the spherical Bessel function j l (k(η −η 0 )) is also a mixture of two modes e ik(η−η 0 ) and e −ik(η−η 0 ) .
Thus to take care the integration of theḣ(η)j l (k(η − η 0 )) we need to consider the generic case witḣ ) 2 , integration of this term will give
where α can take values in [0, 2]. We will take α as a parameter. One sees that this assumption gives a slowing damping factor with wavenumber k. The physical interpretation can be given. Thompson scattering of photons by free electrons has an effect opposite to the gravitational waves and is the source for smoothing out the anisotropies ξ and β of CMB. During the recombination around the last scattering, the visibility function V is narrowly centered around the the time η d with a width ∆η d , so the smoothing by Thompson scattering is effective is limited within this interval ∆η d . Thus a perturbed wave of anisotropies having the form e ikη with frequency k will be damped in this interval by an factor e −(k∆η d ) 2 . The longer the interval ∆η d is, the more damping the wave suffers. This can be interpreted in another way. The width ∆η d of the visibility function V can be viewed as the thickness of the last scattering surface, within which the wave of CMB anisotropies ξ will be damped due to Thompson scattering. Since k = 2π/λ where λ is the wavelength, so the damping factor is e −(2π∆η d /λ) 2 , which shows that, the shorter the wave length is, the more damping for the wave.
If the half-gaussian visibility function V (η) is used, the integration over the time η consists of two pieces, one is from 0 to η d and another is from η d to η 0 , the result is
Using the notation D(k) = e −α(k∆η d ) 2 for the gaussian visibility, and
for the half-gaussian visibility function, we get
κx , 
Together with Eq. (28) and (29), one gets the polarization spectrum
where "X" denotes "G" or "C", and
This result is similar with the result of Ref. [20] , except for the coefficient, which is for the silk damping, the visibility function, and the coefficient α, which is for considering of the mixture of the gravitational waves. We have shown the power spectrum in Fig.[3] . These two figures show the polarization spectrum of numerical and approximate analytic method. The upper one is for C GG l and the bottom for is C CC l . The black lines denote the numerical spectrum, the blue lines and the green lines denote the analytic spectrum with α = 1 and α = 2, the visibility function is a gaussian approximation; the red lines and the magenta lines analytic spectrum with α = 1 and α = 2, the visibility function is a half-gaussian approximation.
We can find the power spectrum with α = 1 and 2 are very different. α = 1 fit well in the smaller scale (larger l), and α = 2 are better in larger scale (smaller l). This easily understand: at the larger scale, the polarization is mainly determined by the gravitational waves with larger wavelength, which is mainly the primordial waves with weak mixture, so α = 2 is better, but the smaller scale polarization is mainly determined by shorter wavelength waves, which had been sufficiently mixed, so α = 1 is better. We also can find these two kind of visibility functions also affect the value of power spectrum, especially in the small scale. For the height of the first and second peaks, α = 2 and the half-gaussian visibility function (the magenta lines) fit fairly well.
Conclusion and Discussion.
In this paper, we have discussed the analytic method to calculate the polarization of CMB generated by relic gravitational waves (tensor fluctuate) in the Polnarev's method. From the above discussion, we know that this kind of polarizations are independent on the movement of baryon, dark matter, neutrino and so on, which is very different from the scalar fluctuate. So it give us a clear information about the evolution of the Universe, which affect the amplitude of gravitational waves, the decoupling history, and the reionization process. So the information included in the CMB's anisotropy and polarization generated by gravitational waves are complemental with which generated by scalar perturbation [17] . So we can research the kinetics of dark matter and dark energy by compiling these two kind information, especially the kinetics of the dark energy. Some people [35, 36, 37, 38, 39, 40] have discussed this effect on the power spectrum generated by scalar fluctuate.
From the discussion, we find that the polarizations mainly depend on the amplitude of gravitational waves at the decoupling time, the model of decoupling history. For we can not have a simple formula to describe the visibility function in the reionization cosmological models, it is difficult to give an analytic formula to describe the polarization in this Universe, but we also know that it will make the polarization power spectrum has a much raising at the largest scale for its effect is like that the Universe has another visibility function at the very low redshift.
The primordial power spectrum of the gravitational waves directly relate to the Hubble parameter of the inflation stage, which reflects the energy scale of inflation. This is another important motivation to study the tensor fluctuate. Usually we define the ratio of the tensor and scalar:
where the scalar perturbation power spectrum is [7] [5]
and the tensor power spectrum [41] 
where A is the scalar power spectrum amplitude, which is nearly 0.9 from WMAP result, and the constant number C(µ) ≃ 1, m p = 2.4 × 10 18 GeV is the Planck energy scale. From the WMAP, we
have not find the signal of tensor fluctuate, and find r < 0.36 [7] [42] . Its detection will depend on the Planck observation. wavenumber: k
